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Abs trac t .  Let  (B,||*||)  be  a  complete  separable  Banach  space  and  let 

5  =  5(B)  be  the  vector  space  of  all  random  variables  defined  on  a 
probability  space  (fi.Q.P)  and  taking  values  in  B.  It  is  known  that 
metrics  on  5  of  convolution  type  enjoy  a  variety  of  interesting 
properties.  In  this  article  it  is  shown  that  convolution  metrics  may 
also  by  used  to  obtain  rates  of  convergence  in  CLT’s  involving  a  stable 
limit  law.  The  rates  are  expressed  in  terms  of  a  variety  of  uniform 
metrics  on  5  and  include  the  total  variation  metric  and  the  uniform 
metrics  between  density  and  characteristic  functions.  The  results 
represent  both  an  improvement  and  an  extension  of  existing  results. 

Weak  convergence  properties  of  convolution  metrics  are  also  explored. 
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§0 .  Introduction 


In  this  article  we  shall  be  concerned  with  various  convolution 

pseudo-metrics  on  P(R  ),  or  more  generally  P(B),  B  a  Banach  space, 
where  P(B)  denotes  the  collection  of  all  Borel  probability  measures  on 

k 

B,  By  convolution  pseudo-metrics  on  P(R  )  we  mean  distances  of  the 
form 


dg(P,Q): 


sup,  f  g(x-yMdP-dQ)  (y) 
xeRK  J 


P,Q  f  P(Rk), 


1  lc  lr 

where  g  is  a  kernel  belonging  to  L  (R  )f|  Cq(R  ) 


and  where  C  (R  ) 
o 


1  s 


the  collection  of  bounded  continuous  functions  on  R  vanishi 
infinity.  Every  such  kernel  generates  an  associated  distance 


ng  at 
d 

g 


on 


P(Rk) . 


When  the  set  {t:  g(t)  =  0}  has  empty  interior, 


d 

g 


is  actually 


a  metric  (here  g  denotes  the  Fourier  transform  of  g);  we  refer  the 
reader  to  Theorem  A  below  for  more  on  this. 

We  recall  that  these  convolution  pseudo-metrics  enjoy  a  variety  of 
properties  and  that  they  are  actually  quite  useful  from  a  statistical 
point  of  view.  For  example,  as  the  following  shows,  one  may 
characterize  those  convolution  pseudo-metrics  metrizing  weak 
convergence  and  one  can  also  obtain  a  CLT  for  dg(Pn,P),  where  here 


and  henceforth  P  denotes  the 
n 


empirical  probability  measure 


for  P. 

Theorem  A  [Yukich  (1985)]  Let  g  f  L*(Rk)f)  CQ(Rk).  The  following 
are  equivalent  statements  for  the  pseudo-metric  dg: 

(i)  d^  metrizes  the  topology  of  weak  convergence  in  F(R  ), 

A 

(ii)  the  set  {t  :g(t)  =  0}  has  empty  interior,  and 


Theorem  B  [Yukich  (1985)]  Let  g  e  L  (R  )  f)  Co(R  )  be  a  decreasing 

V 

function  of  ||'|j  .  Then  for  all  P  e  F(R  )  we  have 

(0.1)  n1/2  d  ( P  , P)  >  sup,  j Gp(g( x- . ) ) , | , 

g  n  xeRK  ^ 

where  Gp  is  a  mean  zero  Gaussian  process  indexed  by  the  translates 
of  g. 

Of  course,  by  drawing  on  the  results  of  Dudley  and  Philipp  (1983), 
one  could  easily  deduce  a  bounded  LIL  result  from  (0.1),  but  we  will 
not  pursue  this  here.  Likewise,  from  the  theory  of  the  function 
indexed  empirical  process,  one  can  also  obtain  refined  exponential 
1/2 

bounds  for  n  d  (P  ,P).  Also,  the  above  results  can  be  easiliy 
g  n’  J 

extended  to  the  group  setting;  see  Yukich  (1987). 

Keeping  in  mind  that  we  are  free  to  choose  from  among  a  variety 
of  kernels  g,  it  is  sometimes  relatively  easy  to  calculate  dg(P,Q). 

From  a  statistical  viewpoint,  this  is  important.  For  example,  if  P 
is  a  uniform  probability  measure  then  d^(Pn,P)  maY  be  easily 

evaluated  if  g  is  the  bilateral  exponential  kernel.  For  more  on 
this,  see  Yukich  (1987).  In  this  context  we  should  mention  that  other 
well  known  metrics,  e.g.  the  Prokhorov  and  dual  bounded  Lipschitz 
metrics,  are  relatively  difficult  to  calculate  and  moreover,  do  not 
always  satisfy  the  general  CLT  result  (0.1);  see  the  recent  results  of 
Gine  and  Zinn  (1987). 

This  article,  which  may  be  regarded  as  an  extension  of  previous 
work  surrounding  convolution  metrics,  shows  that  certain  modified 
convolution  metrics  are  useful  in  another  context:  they  are  extremely 
appropriate  for  providing  rates  of  convergence  (with  respect  to  a 
variety  of  metrics)  in  the  general  CLT.  In  fact,  some  of  our  results 
will  hold  in  the  Banach  space  setting.  We  will  also  examine  the  close 
relationship  between  convolution  metrics  and  the  Kantorovich  - 
Wasserstein  distance.  Thus,  convolution  metrics  enjoy  a  variety  of 
useful  properties,  making  their  possible  statistical  use  seem 


Let  us  be  more  precise  about  the  contents  of  this  article.  Let 
(B,||.||)  be  a  complete  separable  Banach  space  equipped  with  the  usual 
Borel  sets  B  and  let  3c  :=3E(B)  be  the  vector  space  of  all  random 
variable  defined  on  a  probability  space  (n,Q,P)  and  taking  values  in  B. 
We  will  choose  to  work  with  metrics  on  the  space  5  instead  of  the 
space  P(B) .  We  will  show  that  certain  convolution  metrics  on  £  may 
be  used  to  provide  improved  rates  of  convergence  of  normalized  sums  to  a 
stable  limit  law.  The  rates  of  convergence,  which  hold  uniformly  in  n, 
are  expressed  in  terms  of  a  variety  of  uniform  metrics  on  3E.  In  the 
Banach  space  setting  the  convergence  rates  hold  with  respect  to  the 
total  variation  metric  and  represent  both  an  improvement  and  an 
extension  of  existing  results.  Even  in  the  classical  Euclidean  space 
setting  our  approach  provides  improved  rates  of  convergence  and  it  also 
allows  a  determination  of  convergence  rates  with  respect  to  uniform 
metrics  between  density  and  characteristic  functions. 


Definitions,  notation  and  terminolot 


A  mapping  /x:  3E  x  X  -»  [ 0 , oo ]  is  called  an  ideal  probability 
metric  of  order  r  e  R  if  for  any  random  variables  X^ ,  X^,  Z  e  36 

and  any  non-zero  constant  c  the  following  two  properties  are 
satisfied  [cf.  Zolotarev(1976) ] : 

(i)  Regularity:  niX^+Z,  X2+Z)  <  ^(Xj.Xg),  and 

(ii)  Homogeneity  of  order  r: 

n(cXrcX2)  =  jc|rM(X1,X2). 


When  n  is  a  simple  metric,  i.e.,  its  values  are  determined  by  the 
marginal  distributions  of  the  random  variables  being  compared,  then  it 
is  assumed  in  addition  that  the  random  variable  Z  is  independent  of 
X1  and  X2  in  condition  (i).  All  metrics  in  this  article  are 

s impl e . 

Zolotarev  (1976)  showed  the  existence  of  an  ideal  metric  of  a  given 


order  r  >  0  and  he  defined  the  ideal  metric 

(1.1)  <rr(X1,X2)  :=  sup{|E(f(X1)-f(X2)|  :  |  f (m)  (x)-f' (”)  (y)  |<I|x-y||/?} , 

where  m  e  N+  and  /?  e  (0,1]  satisfy  m+/?  =  r  and  f^  denotes  the 
m*'*1  Frechet  derivative  of  f  for  m  >  0  and  f^(x)  =  fix).  He  also 

obtained  an  upper  bound  for  k  e  1N+,  in  terms  of  the  so-called 

difference  pseudomoment  /c^,  where  for  r  >  0 

*r(X  i>X2):=  sup{|E(f(Xl)-f(X2))|  :  |  f(x)-f  (y)  |  <||x||x||  r-1-yj|y|[ r_1 1| }  . 

If  B  =  R,  ||x||=  j x |  ,  then 

(1.2)  /c  (X.,XJ  :=  rf  |  x  |  r_1  j  F„  -F„ )  dx,  r  >  0, 

r  1  2  J-«  h  *2 

and  where  denotes  the  distribution  function  for  X. 

In  this  article  we  introduce  and  study  two  ideal  metrics  of 
convolution  type  on  the  space  £.  In  addition  to  their  ideality  and 
convolution  structure,  these  metrics  have  the  following  useful  and 
special  properties: 

(PI)  they  have  upper  bounds  which  can  be  explicitly 
calculated  in  terms  of  the  so-called  difference 
pseudomoments,  and 

(P2)  they  have  a  weaker  uniform  structure  than  most  other 

ideal  metrics  and  thus  yield  better  rates  of  convergence. 
These  ideal  metrics  will  be  used  to  provide  improved  convergence  rates 
for  convergence  to  an  a-stable  random  variable  in  the  Banach  space 
setting.  Moreover,  the  rates  will  hold  with  respect  to  a  variety  of 
uniform  metrics  on  3t. 


i  »  I  4 


.  ii.  il.  it.  il.  iU  iU  it.  41.  i 


_ ii  i  I'i  I 


iJMli  i  .( ia**-to  A!  Aj^Ui.j  UfU'LaJJlU.tiA. 


More  precisely,  letting  X,X^,X2>...  denote  i.i.d.  random 


variables  and  Y  denote  an  a-stable  random  variable  we  use  ideal 
a 


metrics  to  describe  the  rate  of  convergence 


(1.3) 


X, + . . . +X  „ 
1  n  D 


with  respect  to  the  following  uniform  metrics  on  5. 


Distance  in  variation  metric: 


(1.4) 


*(XrX2)  : 


=  sup  | P{ X  eA)  -  P{X0eA}|  ,  X,  ,X_  €  £(B), 
AeB  1  2  12 


:=  sup{  |Ef(X1)-Ef(X2)  |  :  f:B->R  is  measurable 

and  V  x,  y  e  B  | f (x)-f(y) |<I(x,y)  where 
I(x,y)=l  if  x  /  y  and  0  otherwise}, 


Total  variation  metric: 


(1.5)  Var(X1,X2)  ^^(X^Xg)  :=sup{|Ef(X)  -Ef(X2)|:  f :  B->R  is 


measurable  and 


:=  sup  | f (x) |  <  1 } 


=  2*y(X1  ,X2)  ,  XrX2  e  S(B) 


In  £(Rn)  we  have  VarU^Xg)  :=J|d(Fx  -  Fx  )  |  . 


1  2 


Uniform  metric  between  densities  (px  denotes  the  density  for 


X  e  3E(R  ) )  : 


(1.6) 


^(X1,X2)  :=  esssup|px  (x)  -  px  (x) |  , 

1  2 


Uniform  metric  between  characteristic  functions: 


,*•  m*'  «'*  ,'k  /•  »  '.'I*  .s  «  *1,  '  . 


»  V-  V* 


.  >  (  .  ,  .  .  I 

•  '  .*  l*  « *  .  * 
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(1.7)  x(XrX2)  :=  sup  |px  (t)  -  <px  ( t )  |  , 

(1  2 

where  <p x  denotes  the  characteristic  function  of  X.  The  metric  x 

is  topologically  weaker  than  Var,  which  is  itself  topologically  weaker 
than  l  by  Scheffe’s  Theorem;  see  Billingsley  (1968),  p.  224. 

The  convergence  rates  with  respect  to  a  will  hold  in  the  Banach 
space  setting,  thereby  extending  and  generalizing  results  of  Zolotarev 
(1976,1977),  Senatov  (1980)  and  Paulauskas  (1973,1976)  who  consider 
uniform  rates  in  terms  of  and  n as  well  as  stronger  metrics. 

Even  in  the  special  case  B  =  R,  our  results  improve  upon  those 
of  Senatov  (1930)  and  Paulauskas  (1973,1976),  primarily  because  of  the 
special  property  (P2).  Our  results  with  respect  to  the  x  and  £. 
metrics,  which  seem  to  be  the  first  of  their  kind,  will  follow  from  the 
easy  applicability  of  the  methods  used  for  the  Var  metric.  We  note 
that  not  only  does  our  method  enjoy  wide  applicability  to  a  variety  of 
situations,  but  it  is  also  remarkably  simple. 

Following  this  brief  introductory  remark,  let  us  describe  the 
contents  of  this  article.  This  section  concludes  with  notational 
remarks  and  section  two  discusses  ideal  convolution  metrics  and  their 
properties,  especially  (PI)  and  (P2). 

In  section  three  we  use  an  ideal  convolution  metric  to  obtain  the 
rate  of  convergence  in  (1.3)  in  terms  of  the  metric  Var  in  the  Banach 
space  setting.  Sections  four  and  five  illustrate  the  wide 
applicability  of  our  method  and  describe  rates  in  terms  of  the  uniform 
metrics  x  and  l,  respectively,  Here,  the  unifying  theme  is  that 
ideal  metrics,  especially  those  of  convolution  type,  provide  improved 
convergence  rates  in  (1.3)  with  respect  to  various  uniform  metrics, 
e.g. ,  Var,  x.  °r  1 

Section  six  shows  that  the  new  ideal  convolution  metrics 
metrize  the  convergence  in  distribution  of  random  variables  and 
section  seven  contains  concluding  remarks. 

Notation  and  Terminology 

For  each  X^,  e  I  we  write  +  X2  to  mean  the  sum  of 


independent  random  variables  with  laws  PY  and  PY  ,  respectively.  For 

*1  X2 

any  X  e  5,  denotes  the  density  of  X  if  it  exists.  We  reserve  the 
letter  (or  Y)  to  denote  a  strictly  stable  symmetrical  random 


variable 

wi  th 

parameter  a  e  (0,2],  i.e., 

Y  2-Y 

a  a 

and  for  any  n  = 

1.2 . 

x;  ♦ 

v'  S  1/2  „  . 

. . .  +  X  =  n  Y  ,  where 

n  a’ 

<,  x;, . 

S 

. .  X  are  i . i . d 

n 

random  variables  with  the  same  distribution  as  Y  .  If  Y  e  X(R)  we 

a  a 


assume  that  Yq  has  characteristic  function 

¥>y(t)  =  exp{-|  t  ja} ,  t  e  R  . 


-10- 


If  fm,p(Xl*X2)<“  then  fm,p(Xl-X2)  = 


*  (.-t)[ 


-«  m ! 


~(FY  (t)-FY  (t)||  ) 
'  X1  X2  P 


Generalized  Kantorovich-Wasserstein  metric: 


:i.n)  »J(XrX2)  :=  .upfljf  dFXj  -k  Jg  dF 


«  *  IHIIL  <  «  , 


g|la  +  ||g|!L  <  «  and  f(x)  +  g(y)  <  ||x-y||p  V  x,y  e  B}  ,  p  >  1 


§2.  Ideal  convolution  metrics  and  their  properties 

k 

Let  0  e  3E(R  )  and  define  for  every  r  >  O  the  convolution  metric 


(2.1)  ne  r(X1 ,X2)  :=  sup  |h|r  ^(X1+hd,X2+h0)  X1,X2  e  £(Rk) . 

heR 


Thus,  each  random  variable  0  generates  a  metric  T>  r  >  0.  When 

0  e  X(B)  we  will  also  consider  convolution  metrics  of  the  form  [cf. 
Rachev  and  Ignatov  (1984)]: 


va  ,(X1,X9)  :=  sup  |h|I>1(X1+h0,X9+h0)  X.,X„  £  S(B) 

fl.r  !  2  h£R  11  2  12 


Lemmas  2.1  and  2.2  below  show  that 


and  i/Q  are  ideal  of  order 
0,r 


r-1  and  r,  respectively.  In  general,  Hg  r  and  Ug  r  are  actually 

only  pseudo-metrics  (cf.  Theorem  A),  but  this  distinction  is  not  of 
importance  in  what  follows  and  so  we  omit  it. 

When  0  is  an  a-stable  random  variable  we  will  write  u  and 

ci  t  r 

i y  (or  simply  u  and  u  when  it  is  understood)  in  place  of 

a,r  J  'r  r 

fig  r  and  Ug  r>  Also,  if  0  has  a  density  g,  then  the  metric  fig  r 
represents  a  generalization  of  the  convolution  metric 


d  (X.  ,XJ  :=  ^(X.+h0,Xo+h0) 

g  1  2,  1  2. 


described  in  the  introduction. 

One  of  the  central  themes  of  this  article  is  that  every  ideal 
metric  on  3E  can  be  used  to  provide  convergence  rates  in  (1.3)  in 
terms  of  some  uniform  metric  (e.g.  Var,  x  or  corresponding  to  the 
proposed  ideal  metric. 

For  example,  we  show  that  can  be  used  to  describe  the 

convergence  rate  in  (1.3)  with  respect  to  the  uniform  metric  Var. 

The  method  for  the  ideal  metric  p is  strikingly  simple  and  yet 

general  enough  to  handle  other  ideal  metrics  of  non-convolution  type: 
for  example,  the  ideal  metric  xr  describes  the  rate  of  convergence  in 

(1.3)  with  respect  to  the  uniform  metric  X',  also  and  v  ,  when 

taken  together,  describe  the  convergence  rate  in  terms  of  the  uniform 
metric  l.  There  are  few  published  results  concerning  convergence 
rates  in  terms  of  £  and  x\  as  for  the  latter  metric,  Banys  (1976) 
has  found  convergence  rates  which  do  not  hold  uniformly  over  R,  but 
only  over  intervals  increasing  with  the  n,  the  sample  size. 

We  note  that  Zolotarev  (1976,1977)  and  Senatov  (1980)  use  the 

metric  to  develop  the  convergence  rate  in  (1.3)  with  a  =  2  in 

terms  of  Var  and  p.  Even  in  this  special  case  our  results  are 
sharper  and  more  refined.  Zolotarev  and  Rachev  (1984)  and  Omey  and 
Rachev  (1987)  use  the  ideal  weighted  Kolmogorov  metric 

p  (X..XJ  :=  sup  | x | r  |FV  (x)-F  (x)|  ,  r  >  1 

r  1  1  xeR 

to  obtain  the  rate  of  convergence  for  the  normalized  maxima 

n  ^max(X1 , . . . ,XR)  — - >U  , 

where  P{U<x}  =  exp{-x  1},  x  >  0  . 


The  remainder  of  this  section  describes  the  special  properties  of 
the  ideal  convolution  (or  smoothing)  metrics  Hg  r  and  r-  We 

first  verify  ideality. 

Lemma  2.1.  Forall  0  6  S  and  r  >  0,  u„  is  an  ideal  metric  of 

-  y  _  r 

order  r-1 . 

Proof.  If  Z  does  not  depend  upon  X1  and  X2  then 

^(X1+Z,X2+Z)  <  /(XltX2)  , 

and  hence  pig  r(X1+Z,X2+Z)  <  fig  r(X^,X2).  Additionally,  for  any  c  *  0 

( cX  , cX„ )  =  sup  ] h  j  r/( cX7  +h0 , cX~+h$) 
a'T  1  ^  helR  1  z 


=  sup  j ch) T £{ cX  +ch0 , cX_+ch0 ) 
h«R  1 

-  I'lr'%.r(xrx2>  ■ 

Q.E.D. 

The  proof  of  the  next  lemma  is  analogous  to  the  one  above. 

Lemma  2.2.  For  all  0  e  3E  and  r  >  0  i/„  is  an  ideal  metric  of 

-  o ,  r 

order  r. 

We  now  turn  to  special  property  (PI)  and  show  that  both  Pg 

and  va  are  bounded  above  by  the  difference  pseudomoment  whenever  0 
v,  r 

has  a  density  which  is  smooth  enough. 

Lemma  2.3.  Let  k  e  IN+  and  suppose  that  X,  Y  6  3£(R)  satisfy  EX^  = 
EYJ  ,  j  =  1 ,  .  .  .  ,  k-2 .  Then  for  every  9  £  3E(R)  with  a  density  g  which 


is  k-1  times  differentiable, 


.  (k— 1 ) . 


(2.3) 


^,k(xrx2)  -  (k_1},  Vi(xrV  ■ 


where  II  •  [I  :=  ess  sup  (•)  . 
oo  _ 

xeR 


Proof.  In  view  of  the  inequality  [Zolotarev  (1979)] 


(2.4) 


(k-l)1 


Vi«i'X2). 


it  suffices  to  show  that 


(2.5) 


,k(xrV 


fk-l(xl 


S' 


But 


Ha  k(X  X  )  =  sup  I h  1 k  sup  —  If  g(3rZ)d(F’Y  (y)-F„  (y)) 
1  2  heR  xeR  |h|  'J^o  h  X1  X2 


k-l 

=  sup  | h |  sup 
heR  xeR 


|j^Vy)~Vy),gU>(T^ 


=  sup 
heR 


I  u I 2 
|  h )  sup 

xeR 


lO<1,(“,dFs1)<y,-Fs1) 


=  sup  |h  |  sup  I  f  g^k-1'l(^^)r(F^_k+2)(y)-F. 
heR  xeRiJ-<»  n  n  *1 


( -k+2 
X„ 


Therefore,  by  (1.10)  and  =  ^_2  ^ ,  we  have 


"<U<xrV  s  lle<k_1)ll»  f  -  4!"k)<yi,<iy 


-00  1 


*  lls(k'l)ll.  WxrV  • 


Q.E.D. 


Analogously,  Lemmas  2.5  and  2.6  below  show  that  Vg  ^  is  bounded 

by  the  difference  pseudomoments. 

Under  similar  hypotheses  we  may  also  show  that  the  smoothing 
metrics  Hg  k  and  Vg  k  are  weaker  than  p.  This,  together  with 

inequality  (2.5),  helps  illustrate  property  (P2). 


Lemma  2.4.  For  every  6  e  3E(R)  with  a  density  g  which  is  m  times 
differentiable  and  for  all  X^ ,  Xg  e  X(R) 


^,r(XrX2) 


<  C(ffl,p,g)  f 


m-1 


p(x1 ,x2) 


where  r  =  m  +  —  ,  m  £  1N+,  and 
P 


(2.7) 


C(m,p,g)  :=  ||g(m)|iq  ,  ~  +  q  =  1 


Lemma  2.5.  Under  the  hypotheses  of  Lemma  2.4  we  have 


‘'S,r(XVX2>  ^  Vl,,11!'1!1 


* 


a* 


(2.8) 


-»  «-«  M.UU  >-»  UfVIU  UMU  .JI.ntlfUltffa-tlL.'t 


where  r  =  m-  l+  -^,melN+  and  C(m,p,g)  is  as  in  (2.7). 


Lemma  2.6.  [cf.  Theorem  2  of  Maejima  and  Rachev  (1987)].  Let  m  e  IN’"' 


and  suppose  ElX^-X^)  =0  j  =  0,1,..., m-1 .  Then  for  p  e  [1,®) 


(2.9)  (  (X,,X0)< 


/cJ/p(X1,X2)  m  =  0  , 


m,  p  1  2 


l 

TTr)  WV  ^  =  m  +  -  ,  m  = 


The  proofs  of  the  above  three  lemmas  follow  from  straightforward 
modifications  of  the  techniques  used  in  Ignatov  and  Rachev  (1983), 
Maejima  and  Rachev  (1987)  and  Zolotarev  (1979).  The  details  are  left 
to  the  reader. 


§3 .  Rates  of  convergence  in  the  total  variation  metric 


In  this  section  we  develop  rates  of  convergence  with  respect  to 


the  Var  metric. 


Throughout  we  suppose  that  X.X^.Xj,...  denotes  a  sequence  of 


i.i.d.  random  variables  in  3E( B) ,  where  B  is  a  separable  Banach 
space.  Y  e  3E(B)  denotes  a  strictly  a-stable  random  variable.  The 


ideal  convolution  metric  :=  v>a  r  (i.e.,  9  =  Y)  will  play  a  central 


role . 


Our  main  theorem  is 


Theorem  3.1.  Let  Y  be  an  a-stable  random  variable.  Let 


r  =  s  +  —  >  a  for  some  integer  s  and  p  e  [1,®),  a  =  - —  , 


2  A 


and  A  :=  2(2r/a_1  +  3r/a).  If  X  e  X(B)  satisfies 


1  •  *  o  •  *  •*»***  *  * .  • 

o-N\v. 


•V v v 


.  s  V  * 


ten 


(3.1) 


rQ  :=  r0(X,Y)  :=  max(Var(X, Y)  ,i/Q  r(X,Y))  <  a  , 


then  V  n  >  1 


Xi+...+Xn  1-r/a  .  „-r/a  1-r/a 

Var  ( - Yfe -  >Y'  -  A(a)V  <2  n 

n 


Remarks 

(i)  A  result  of  this  type  was  proved  by  Senatov  (1980)  for  the  special 

k 

case  B  =  R  ,  s  =  3,  and  a  =  2  via  the  c  metric.  We  will 

'r 

follow  Senatov’s  method  with  some  refinements. 

(ii)  Theorem  3.1  is  optimal  in  the  sense  that  the  power  of  n  is  the 
smallest  possible;  i.e.,  the  exponent  1-r/a  cannot  be 
decreased.  This  follows,  for  example,  from  Theorem  3.4.1  of 

Ibragimov  and  Linnik  (1971)  and  the  inequality  p  <  a  =  ^  Var 

in  S(R). 

Before  proving  Theorem  3.1  we  need  a  few  auxiliary  results. 

Lemma  3.2.  For  any  X^ ,  X£  e  3E(B)  and  a  >  0 

Var(X1+aY,X2+crY)  <  a"rt/r(X1 , Xg )  . 

Proof.  Since  Y  and  (-Y)  have  the  same  distribution 


Q.E.D. 


=  h  ■i/r(X1,X2)  . 


Lemma  3.2  closely  resembles  Lemma  1  of  Senatov  (1980)  for  the 
metric  The  next  result  resembles  Lemma  2  of  Senatov  (1980)  proved 

k 

for  B  =  R  .  We  note  that  estimates  of  this  sort  have  been  used  by 
Sazonov  (1972)  and  Sazonov  and  Ul’yanov  (1979). 

Lemma  3.3.  For  any  U,  V  e  5(B)  the  following  inequality 

holds : 


Var(X1+U,X2+U)  <  Var^  ,X2)Var(U,V)  +  Var (X  +V,X  +V)  . 
Proof •  By  the  definition  (1.5)  and  the  triangle  inequality 

Var(X1+U,X2+U)  =  sup{  | Ef  (X^U)  -  Ef(X2+U)  |  :  11^11^1 ) 


=  sup(|J  fluHP -P )  du| 


1™  "2' 


<  sup  {  |  f(x)(P  -P  )dx  |  :  ||f||  <1} 

V  D  A,  A„  a 


1  2 


+  Var  (X1+U,X2+V), 


where 


f(x)  :=J  f(u)(Py-Pv)(du-x)  =  J  ftu+xMPy-PyMu, 

B  B 

and  where  P^  denotes  the  law  of  the  random  variable  X.  Since 
llfll  <  1  then 


=  sup  f  ( u+x )  (  P-.-Py) du 
xeB  |JB  L 


<  f(u)(PI.-P„)du 


<  Var(U.V)  ,  by  (1.5), 


and  thus  sup{ | |  f(x)(P^  -P^  )dx 
B  12 


OB' 


<l)  is  bounded  by 


<  sup  { 


g(x)(P„  -P  )dx 
B  1  X2 


:  llgl^  <  Var(U.V)} 


=  Var(X1,X2)  Var(U.V). 


Q.E.D. 

ffe  now  prove  Theorem  3.1;  throughout,  Y^Y^...  denote  i.i.d 
copies  of  Y. 

Proof .  We  proceed  by  induction;  for  n  =  1  the  assertion  of  the 

theorem  is  trivial.  For  n  =  2,  the  assertion  follows  from  the 
inequal i ty 


X  +X.  X.+X  Y  +Y_ 

Var (— , Y)  =  Var(— 


A/a 


2l/a  ’  2l/a 


=  Var(X1+X2,Y1+Y2) 


<  2Var(X1,Y  ) 


<  A(a)rQ2 


1-r/a 


since  A(a)  >  2T/°.  A  similar  calculation  holds  for  n  =  3.  Suppose 
now  that  the  estimate 


X  +, , ,+X. 

(3.2)  Var(  ~  l/'a"^  ,Y)  -  A(a)r0J 

J 

holds  for  all  j  <  n.  To  complete  the  induction  we  only  need  to  show 
that  (3.2)  holds  for  j  =  n. 

Thus,  assuming  (3.2)  we  have  by  (3.1) 


We  first  estimate  1^.  By  (3.3)  and  (3.2) 


Ij  <  2  r/QA(a)r0(n-m)1~r/a 


(3.5) 


,  1  */  1-r/a 

<  g  A(a)r0n 


In  order  to  estimate  and  we  will  use  Lemma  3.2  and  the 


relation 


(3.6) 


Y. +. . . +Y  _ 

_J _ n  ?  Y 

1/a  “  1 


Thus,  by  (3.6),  Lemma  3.2,  and  the  fact  that  is  ideal  of  order 


we  deduce 


X.+...+X  1/a  Y  + . . . +Y  1/a 

I  =  Var(— ~-t— — —  +  (^)  Y,  ■—  m  +  (2-^)  Y) 

2  _  1  /  Or  n  1/a  n 


n 


-r/a  X,+...+X  Y, + . . . +Y 

<  (H_®)  v  (_i - ®  -1 - S) 

s  n  '  V  l/a  ’  1/a 


n 


r/a  ,  X1  Y1 
<2  m  v  ( 


r  1  /a  ’  1  /a 

n  n 


(3.7) 


<  2,/a-'  n'-r,a  v  IX,, Y.) 


■t 


Analogously,  we  estimate  1^  by 


X,+...+X  1/a  Y,  + .  .  .  +Y  1/a 

t  t*  /  l  n-m  /Hi\  x  n  m  ✓  rn  \  .. \ 

‘3  -  Var< - T7Z -  *  (S>  Y-  - ITS -  *  {n}  Y) 

n  n 


m  -r/a  X.+. . .+X  Y  + . . ,+Y 
<  (S)  u  (— - -  -i _ Oz!!L) 

-  n'  r v  1/a  ’  1/a  ' 

n  n 


(3.8)  <  3r/a  n1  r/Q  i/r(X1,Y1)  . 

Taking  (3.4),  (3.5),  (3.7)  and  (3.8)  into  account  we  obtain 

u  ^  A  kt  \  „r/a-l  ~r/as  1-r/a 
V  <  (-  A(a)  +2  +3  )rQn 

.  ,  1-r/a 

<  A(a)rQn 


. ,  , „r/a-l  „r/a 
since  A(a)/2  =2  +3 

Q.E.D. 


Rates  of  convergence  in  the 


metric 


In  this  section  we  develop  rates  of  convergence  in  (1.3)  with 
respect  to  the  x  metric;  our  purpose  here  is  to  show  that  the  methods 
of  proof  for  Theorem  3.1  can  be  easily  extended  to  deduce  analogous 
results  with  respect  to  X-  The  metric  xr  will  play  a  role  analogous 

to  that  played  by  i/^  in  Section  3. 

Throughout,  X.X^.Xg,...  denotes  a  sequence  of  i.i.d.  copies  of 

an  a-stable  random  variable. 

Our  main  theorem  is 


Theorem  4.1.  Let  Y  be  an  a-stable  random  variable  in  KIR). 


Let  r  >  a,  b  :=  — - —  ,  and  B  :=  max(3  ,2C  (2  +3  ))  where 

2r/aB  r 


C  :=  (L  ) 

r  ae 


If  X  e  S(R)  satisfies 


(4.1) 


rr  :=  rr(X, Y)  :=  max(x(X, Y) ,xr(X,Y) }  <  b  , 


then  for  all  n  >  1 


(4.2) 


X  +  +x 

Xt-1  T~*  -a  ,Y )  <  Br  n1-r/a  =  2-r,V-r,a 

1/a  r 

n 


Remarks 

(i)  In  comparing  conditions  (3.1)  and  (4.1)  it  is  useful  to  note 
that  the  metric  x  is  topologically  weaker  than  Var,  i.e., 
Var(Xn>Y)  -*  0  implies  x(^n.Y)  0  but  not  conversely.  Also, 

it  is  easy  to  show  that  if  r  =  m  +  /?,  m  =  0,1 .  p  e  (0,1) 


(4.3)  Yr<C^fr 

if  r=m,  m=l,2, 


where  C„  :=  sup|t  ^(l-e^)|; 
^  t 

then  xr  <  fr  • 


(ii)  Actually,  one  may  show  that  for  r  f  H+  the  metric  xr  has  a 

convolution  type  structure.  In  fact,  with  a  slight  abuse  of 
notation, 


x  (Fy  ,Fy  )  =  x(F’y  *p  .Fy  *p  )  • 
r  a2  r  X2  r 


( i  i  i ) 


wb.'ir  •  p  r  ( t )  =  tr/r!  is  the  density  of  an  unbounded 

positive  measure  on  the  half  line  [0,®). 

As  in  Theorem  3.1,  the  exponent  1-r/a  cannot  be  reduced;  this 
follows  from  Theorem  3.4  1  of  Ibragimov  and  Linnik  (1971)  and 


the  fact  that  x  convergence  implies  p  convergence. 

(iv)  As  noted  earlier,  Banys  (1976)  has  obtained  a  result  similar  to 
Theorem  4.1:  his  result  is  weaker  since  it  only  considers  the 
sup  norm  difference  between  characteristic  functions  over  finite 
intervals  depending  on  n.  Additionally,  his  result  is 

expressed  in  terms  of  the  so-called  r^  absolute  pseudomoment 


^r(X,Y) 


Px(x)-Py(x) 


dx  ; 


since  xr  is  topologically  weaker  than  ( i  .  e .  ,  x^  < 

const  f  <  const  i/f  and  xr~convergence  does  not,  in  general, 

imply  i^-convergence) ,  our  estimate  (4.2)  is  clearly  more 
refined,  even  over  finite  intervals. 

The  proof  of  Theorem  4.1  is  very  similar  to  that  of  Theorem  3.1 
and  uses  the  following  auxiliary  results,  which  are  completely 
analogous  to  Lemmas  3.2  and  3.3.  We  leave  the  details  to  the  reader. 

Lemma  4.2.  For  any  X^,X2  (  3E(D?) ,  a  >  0,  and  r  >  a 

X(X1+<7Y,X2+aY)  <  Cra'rxr (Xj.X^  , 
r  la 

where  C  :=  (— ) 
r  ae 

Proof.  We  have 


X(X,  +<7Y,X_+crY)  :=  sup  (t)  -  ipY  (t)|®  v(t) 


=  sup  |pY  (t)  -  <p„  ( t)  I  exp{-|at  |a} 
teR  X1  2 


<  sup  | crt  |  | (t) 

teR  A1 


-  £>y  ( t )  |  sup  ure 
2  u>0 


=  C.<r  rxr(X,Y)  , 


since  C  =  sup  u  e  by  a  simple  computation. 
r  u>0 


Q.E.I 


Lemma  4.3.  For  any  ,  X2 ,  Z,  W  e  X(R)  the  following  inequality 


holds : 


X(X1+Z,X2+W)  <  x(X1,X2)  x(Z,W)  +  x(X1+W,X2+W) 


Proof .  From  the  inequality 


bx  +z(t)-¥>x  +w(t)'  -  l^x  (t)_ipx  (t)!  ^z(t)-%(t)  I  + 

1  2  1  2 


+  i?x  (t )-<px  (t) i  i^w(t) i 

X  2 


we  obtain  the  desired  result, 


§5 .  Rates  of  convergence  in  the  l  metric 


Q.E.E 


In  this  section  we  develop  convergence  rates  with  respect  to  the 
^-metric  and  thus  we  naturally  restrict  attention  to  the  subset  X* 


X(R  )  of  random  variables  with  densities.  Throughout  X,X^,Xol... 
denotes  a  sequence  of  i.i.d.  random  variables  in  X*  and  Y=Y 


denotes  an  a-stable  random  variable.  The  ideal  convolution  metrics 

a  :=  u  and  u  :=  v  (i.e.,  0=Y)  will  play  a  central  role. 

,  r  r  a ,  r  *  J 

Our  main  result  is 

Theorem  5.1.  Let  Y  be  an  a-stable  random  variable  in  3c (IR  ).  Let 

r  =  m  +  ^  >  a  for  some  integer  m  and  p  e  [  1 , oo) ,  a  :=  —  , 

.  r/a-1  _(r+l)/a,  ,  _  A/anr/a  T-  v  ..  .. 

A  :=  2(2  +3  )  and  D  :=  3  2  .  If  X  e  £*  satisfies 


(i)  r(X,Y)  :=  max(/(X,Y) ,  n  (X, Y) )  <a  and 

Oi  i  r 

(5.1) 

(ii)  tAX,  Y)  :  =  max( Var (X,  Y) ,  u  (X,Y))  <  tt1^  <  a  , 
u  a,  r  ~  A(a)D  ~ 


then 

X.+...+X 

(5.2)  /(  1/Q  -n  , Y)  <  A(a)  r(X,Y)n1_r/a  . 

n 

Remarks . 

(i)  Conditions  (i)  and  (ii)  describe  the  domain  of  attraction  of  a 
stable  Ya  random  variable;  in  fact  they  guarantee  /-closeness  (of 

\~Y  / OL 

order  n  )  between  Y  and  the  normalized  sums 

(5.3)  n-1 /a( X  + . . ,+X  )  . 

1  n 

(ii)  From  property  (P2)  and  especially  Lemmas  2.3,  2.5  and  2.6  we 

know  that  u  ,(X,Y)  and  u  (X, Y),  r  =  m-l-A  ,  m  =  1,2,...  can  be 
'r+l  ’  r  p 

approximated  from  above  by  the  ;  ^  difference  pseudomoment  whenever 


X  and  Y  share  the  same  first  (m-1)  moments.  Thus  conditions  (i) 


and  (ii)  could  be  expressed  in  terms  of  difference  pseudomoments,  which 
of  course  amounts  to  conditions  on  the  tails  of  X. 

(iii)  That  (5.2)  is  of  the  right  order  of  magnitude  may  be  seen  from 
Theorem  4.5.1  of  Ibragimov  and  Linnik  (1971). 

To  prove  Theorem  5.1  we  need  a  few  auxiliary  results  similar  in 
spirit  to  Lemmas  3.2  and  3.3. 

Lemma  5.2.  Let  f  3E C R^) .  Then 

i(X1+crY,X2+£7Y)  <  ff-r/ir(X1,X2)  . 

Proof:  /(X1+<tY,X2+ctY)  <  a~T aT /(X  +<xY  ,X2+crY)  <  <Tr/i  (Xj  ,X2)  . 

Q.E.D. 

*  k 

Lemma  5.3.  For  any  X,Y,U,V  e  3E  (R  )  the  following  inequality  holds: 

(5.4)  -£(X+U,  Y+U)  <  /(X,Y)Var(U,V)  +  /(X+V.Y+V) 


Proof :  Using  the  triangle  inequality  we  obtain 


/(X+U.Y+U) 


sup, 

xeR 


(px(x-y)-pY(x,y) )Pr (Uedy) | 


<  sup,  |  (pY(x,y)-pv(x-y)(Pr{Uedy)-Pr{Vedy} |  + 
X€Rk  J  *  Y 


+  sup,  I  ( p„( x-y )-py( x-y ) )Pr { Vedy } | 
xtR  J 


<  ^(X, Y)Var(U, V)  +  /(X+V.Y+V) 


To  prove  Theorem  5.1  one  only  needs  to  use  the  method  of  proof  for 
Theorem  3.1  combined  with  the  above  two  auxiliary  results.  The 
complete  details  are  left  to  the  reader. 


§6 .  The  ideal  smoothing  metrics  and  weak  convergence 


We  conclude  our  discussion  of  the  ideal  metrics  fi  and 


by  showing  that  they  satisfy  the  same  weak  convergence  properties  as  do 


the  Kantorovi ch-Wasser s te in  distance  ff^  and  the  pseudomoments  ic  . 


Theorem  6.1  Let  k  e  IN+,  0<  a  <  2,  and  X  ,  U  e  S(R)  with  EX-*  = 

n  n 

EU-*  Vj  =  1 .  k-2.  If  k  is  odd  then  the  following  are  equivalent 


as  n  -*  ®: 


(i) 

"a,k(Xn'U)  *  °’ 

S 

(ii) 

(a)  X  -*  U  and  (b) 
n 

(iii) 

\-i  (vu)  °- 

(iv) 

(Xn>U)  ->  0,  and 

(v) 

- 0  • 

i  k-1 


E|U| 


k-1 


Before  proving  this  we  note  that  (ii)  (iii)  follows  immediately 
from  Theorem  4.1  of  Rachev  (1984  c),  Theorem  1  of  Rachev  (1984  b)  , 

Theorem  2  of  Rachev  (1984  a)  and  the  identity  EX^-1  =  E|X|^  1  for  k 

odd.  Also,  (ii)$=>  (iv)  follows  from  Rachev  (1982);  (iv)  =*•  (i)  follows 
from  Lemma  2.3,  and  (iv)  (v)  from  Lemmas  2.5  and  2.6;  thus  the  only 

new  result  here  are  the  implications  (i)  =>  (ii)  and  (v)  =>  (ii). 

Now  (i)  ^  (ii)(a)  follows  easily  from  Fourier  transform  arguments 
since  the  Fourier  transform  of  g  never  vanishes.  Similarly  if  (v) 


holds  then  X^  +  Y  -»  U  +  Y  and  thus  (ii)(a)  follows.  To  prove 
(i)  ^  (ii)(b)  we  need  a  lemma. 

Lemma  6.2.  Let  0  <  a  <  2  and  consider  the  associated  metric 

Mr  :  =  a-  For  all  k  there  is  a  constant  /?  :=  /?(a,k)  <  oo  such 

that  for  all  X.U  e  S(R) 


(6.1)  ^(X.U)  >  0  r  F 

J  —co 


(2-k)  /  v  -.(2-k),  v  , 

x  (z)-F^  Z 


Here  F^2  k^  is  as  in  (2.6). 

Proof  of  Theorem  6.1.  Using  equality  of  the  first  k-2  moments  and 
applying  (6.1)  to  Xn  and  U  yields 

\a„,m  >-  LC  IlMi"2  (dFx 

—os  —®  n 


I-0 

rfO 

= 

!  ( •  )dt  + 

(.)  dt 

^  — oo 

j0 

2) 

J1  +  !2 

To  estimate  1^  and  I ^  we  first 

note  that 

£ 


2(dFx  -dFy) ( t )  =  E(z-Xn)k_2  -  E(z-U)k  2  =  0, 


we  obtain 


L  ) 


1  z-t ) 

( k-2) ! 


(dFx  -dFy) ( t ) 
An 


-- 


z  (k-2)! 


(dFx  -dFL,)(  t) 
n 


(6.3) 


(-1) 


k-1 


( t-z ) 


k-2 


(k-2) ! 


(dFx  -  dFjJ  ( t ) 
‘  n 


Thus  by  (6.3)  and  Fubini’s  theorem  we  get 


I2  =  (-1)' 


tc 


M''2(dFx  -df’u)(t)  dz 


■  tHt:’2  dz  d(VF'>,(t) 


(6.4) 


TFT7T1  <dVdFuHt) 


Another  application  of  Fubini’s  theorem  gives 


I 


1 


ro  ro  (z-t)k  2 

J  J.  (k-2)! 

— oo  t 


dz  (dFx  -dFy) ( t ) 
n 


(6.5) 


0  (-t) 


k-1 


(k-1)! 


(dFx  -dFu)(t) 
n 


Combining  (6.3),  (6.4)  and  (6.5)  gives 


/T1  > 


(-t) 


k-1 


(k-1) 


(dFx  -dFy ) f  t ) 


Tk=TTT  )  • 


which  gives  the  desired  implication  (i)  =>  (ii)(b). 


To  prove  (v)  =>  (ii)(b)  we  integrate  by  parts  to  obtain 


l/k(Xn,U)  -  I”  lpX  +Y(x)~PU+Y(x)  ldx 
-ao  n 


- c,iilpvkiu-2)  <r  id<Fx  (ti-Fuu,> «* 


s  If  f  4k)<x-z)  d*<f  TCT7T  Id(Fx  “'-V‘»  dz 


-00  -oo 


-If  I 
1  . 


>*  rz  (z-t)k_1  r°°  (k) 

,  d(F^  (t)~Fy(t)dz  •  Py  (x^  dx 
-oo-qo  n  -oo 


By  (6.2)  -  (6.5)  we  obtain 


*  |f 


pf,k)(x)  dx  EiXk-Uk) 
i  n 


showing  (v)  ^  (ii)(b)  and  completing  Theorem  6.1. 


It  only  remains  to  give  the 


Q  ED 


Proof  of  Lemma  6.2.  Integration  by  parts  yields 


h 


PX+hY  X  _PU+hY  X 


(6.6) 


Now 


PhY 


Since 


H,  (X.U)  =  sup 
K  htR 


=  sup  | h I  sup 
htIR  x«R 


r. 


p^y(z)d(Fx  (x-z)-Fjj(x-z) 
-oo  An 


htR 


lhlk 

n 

sup 

xeR  J 

v( 2-k) ,  ,  _( 2-k) ,  ,  (k-1),  ,, 

F^  (x-z)-F^  (x-z)pkv  (z)dz 


hY 


2*phyCz).J --'tZ  --Iht|a 


e  e 


dt  and  differentiating 


k-1  times  gives  (setting  t  =  th) : 


„  l.k  (k-1),  . 
27T I  h  phY  (z) 


f  <it)k-1eitZ-iht|adt 


-00 


n®  :  k-i  .• 


-00 


,  .  t ,  i tz/h-  t  ,,t. 

' 'h>  d(h> 


7 ,k-l  i tz/h- I t 


,a  _ 


(it)  e 


dt 


-oo 


1  f®  I  |  k- 1  - ! 1 1 a 

:=  0<a,k)  :=  |it|  e  1  '  dt  <  oo  we  obtain 


1  im 
h->« 


dt 


32- 


,k  (k-1) 
h  PhY 


If00  ,  .  ,  -  .  k-1  itz/h- 

1 im  ( i t J  e 

'  “  -oo  h-*oo 


a 


=  ,3 


Now  multiply  both  sides  of  (6.6)  by 


Since 


r> 

-00 


. | k-1  -  t 
t  e  1 


dt  and 


Fi2  k)(x- z)-F(2-k)(x-z) 
X  b 


dt 


fk-l(X,U)  are 


both  finite,  /?  1^(X,U)  is 


sup 

xeR 


r„(2-k) 

(FX 


(x-z)-F 


( 2— k ) 
U 


(x-z) 


lim  (hkp 
h-*» 


(k-1) 

hY 


( z)  dz 


=  sup  I  Fi2  k)(x-z)-F(2  k)(x-z)  dz 
xeR  ^  —oo 


=  sup 
xeR 


If' 
1  -00 


f^2  k)(z; 


-Fy2  k)(z) 


dz 


Q.E.D. 


§7 .  Concluding  remarks 

The  results  above  show  that  the  "ideal''  structure  of  the 
convolution  metrics  and  may  be  used  to  determine  optimal 

rates  of  convergence  in  the  general  central  limit  theorem  problem.  The 

rates  are  expressed  in  terms  of  the  uniform  metrics  Var,  x  and  l 

and  hold  uniformly  in  n  under  the  sufficient  conditions  (3.1),  (.4.1*. 

and  (5.1),  respectively.  We  have  not  explored  the  possible  weakening 

of  these  conditions  or  even  their  possible  necessity.  This  would  be  an 

interesting  line  of  future  research. 

The  ideal  convolution  metrics  u  and  1/  are  not  limited  to  the 

rT  r 
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context  of  Theorems  3.1,  4.1  and  5.1,  but  they  can  also  be  successfully 
employed  to  study  other  questions  of  interest  For  example,  we  only 
mention  here  that  1/  can  be  used  to  prove  a  Berry-Esseen  type  of 

estimate  for  the  Kolmogorov  metric  p  <1.8). 

More  precisely,  if  X,X  ,X0,...  denotes  a  sequence  of  lid 

random  variables  in  I(R)  and  Y  e  3f(R)  an  a-stable  random  variable, 
then  for  all  r  >  a  and  n  >  1 

(7.1)  p(— — - -  , Y)  <  O  (X,Y)n1_r/Qt  + 

1 /a  -  a , r 

n 

+  C  max{p(X,Y)  ,1/  ,  ( X,  Y)  , vl ' (  T~a>  ( X,  Y)  }n_1  /a  , 

a,  1  a,  r 

where  C  is  an  absolute  constant. 

Clearly,  whenever  u  ,(X, Y)  <  a  and  v  ( X ,  Y)  <  ao  we  obtain  the 

a, 1  1  a, r 

right  order  estimate  in  the  Berry-Esseen  theorem  in  terms  of  the  metric 
^ .  Inequalities  of  this  type  have  been  proved  by  Paulauskas  (1982 

who  uses  the  p  metric,  and  by  Senatov  (1981),  who  uses  o  instead  of 
p  and  who  only  considers  the  normal  case  a  =  2  together  with  the 

£  metric.  The  estimate  (7.1),  which  proceeds  by  induction  and 
*  >  1 

which  will  be  detailed  in  a  forthcoming  article,  represents  an 
improvement  over  earlier  estimates  since  the  j/q  ^  distance  is  weaker 

than  the  C  distance  (r  =  m-l+i) ;  see  e.g.  Lemma  2.5. 
m,p  p 

Thus  metrics  of  the  convolution  type,  especially  those  with  the 
"ideal"  structure,  are  extremely  appropriate  when  investigating  sums  of 
independent  random  variables  converging  to  a  stable  limit  law.  We  can 
only  conjecture  that  there  are  other  ideal  convolution  metrics,  other 
than  those  explored  in  this  article,  which  may  furnish  additional 
results  in  related  limit  theorem  problems. 
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